
Modeling  
controllable economic growth. 

Proportional growth 

Arkady Kryazhimskiy 
International Institute for Applied Systems Analysis (Laxenburg, Austria) 

Steklov institute of Mathematics, RAS (Moscow, Russia) 

Keio University, 4-8 February, 2013 



Snapshot 



output n
nxaxy αα ...1

1=



nxx ,...,1 factors 

output n
nxaxy αα ...1

1=



nxx ,...,1 factors 

elasticities  1...1 =++ nαα

output n
nxaxy αα ...1

1=



nxx ,...,1 factors 

elasticities  1...1 =++ nαα

output n
nxaxy αα ...1

1=

npp ,...,1 prices 



nxx ,...,1 factors 

elasticities  1...1 =++ nαα

output n
nxaxy αα ...1

1=

npp ,...,1 prices 

nn xpxpC ++= ...11 cost 



output n
nxaxy αα ...1

1=

npp ,...,1 prices 

nn xpxpC ++= ...11 cost 

→++= nn xpxpC ...11 minimize 



i

k

k

i

k

i

p
p

x
x

α
α

=

n
nxaxy αα ...1

1=

→++= nn xpxpC ...11 minimize 



i

k

k

i

k

i

p
p

x
x

α
α

=

n
nxaxy αα ...1

1=

→++= nn xpxpC ...11 minimize 

j

j
j p

Cx
α

=



i

k

k

i

k

i

p
p

x
x

α
α

=

n

n

n

j

j
j

pp
pa

yx
αα

αα
α

















= ...

1

1

1

n
nxaxy αα ...1

1=

→++= nn xpxpC ...11 minimize 

j

j
j p

Cx
α

=



n

n

n

j

j
j

pp
pa

yx
αα

αα
α

















= ...

1

1

1

j

j
j p

Cx
α

=



n

n

n

j

j
j

pp
pa

yx
αα

αα
α

















= ...

1

1

1

j

j
j p

Cx
α

=

ACy =
n

n

n

pp
aA

αα
αα

















= ...

1

1

1



n

n

n

j

j
j

pp
pa

yx
αα

αα
α

















= ...

1

1

1

j

j
j p

Cx
α

=

ACy =
n

n

n

pp
aA

αα
αα

















= ...

1

1

1

j

j
j Ap

yx
α

=



j

j
j p

Cx
α

=

ACy =
n

n

n

pp
aA

αα
αα

















= ...

1

1

1

j

j
j Ap

yx
α

=

Cxp jjj α=



ACy =

Cxp jjj α=



ACy =

Cxp jjj α=

ACy =



ACy =

Cxp jjj α=

ACy = Cxp jjj α=



ACy = Cxp jjj α=



ACy = Cxp jjj α=

Dynamics 



ACy = Cxp jjj α=

ZIy += output 



ACy = Cxp jjj α=

ZIy += output 

syI = investment )1( ≤s



ACy = Cxp jjj α=

ZIy += output 

syI = investment )1( ≤s

ysZ )1( −= consumption 



ACy = Cxp jjj α=

ZIy += output 

syI = investment )1( ≤s

ysZ )1( −= consumption 

ysI jj = investment in jx



ACy = Cxp jjj α=

ZIy += output 

syI = investment )1( ≤s

ysZ )1( −= consumption 

ysI jj = investment in jx

sss n =++ ...1



ACy = Cxp jjj α=

syI = investment 

ZIy +=

ysZ )1( −=

output 

consumption 

)1( ≤s

ysI jj = investment in jx

j

j

j

j
j p

ys
p
I

==ξ

sss n =++ ...1

inflow in jx



ACy = Cxp jjj α=

j

j

j

j
j p

ys
p
I

==ξ

sss n =++ ...1

inflow in jx



ACy = Cxp jjj α=

jjjj xx δξ −= growth rate in jx

j

j

j

j
j p

ys
p
I

==ξ

sss n =++ ...1

inflow in jx



ACy = Cxp jjj α=

jjjj xx δξ −= growth rate in jx

j

j

j

j
j p

ys
p
I

==ξ

sss n =++ ...1

jj
j

jj x
p
ysx δ−=

inflow in jx



ACy = Cxp jjj α=

jjjj xx δξ −= growth rate in jx

j

j

j

j
j p

ys
p
I

==ξ

sss n =++ ...1

jj
j

j
j p

C
p
ACs

α
δ−=jj

j
jj x

p
ysx δ−=

inflow in jx



ACy =

jjjj xx δξ −= growth rate in jx

j

j

j

j
j p

ys
p
I

==ξ

sss n =++ ...1

jj
j

jj x
p
ysx δ−=

inflow in jx

j

j
j

j
j p

C
p
ACs

α
δ−=

Cxp jjj α=



ACy = Cxp jjj α=sss n =++ ...1

j

j
j

j
j p

C
p
ACs

α
δ−=jj

j
jj x

p
ysx δ−=



ACy = Cxp jjj α=sss n =++ ...1

j

j
j

j
j p

C
p
ACs

α
δ−=jj

j
jj x

p
ysx δ−=

j

j
j

j
jj p

C
p
ACsx

α
δ−=



ACy = Cxp jjj α=sss n =++ ...1

jj
j

j
jj p

C
p
ACsx

α
δ−=

j

j
j

j
jj p

C
p
ACsx

α
δ−=



ACy = Cxp jjj α=sss n =++ ...1

j

j
j

j
jj p

C
p
ACsx

α
δ−=

nn xpxpC ++= ...11

jj
j

j
jj p

C
p
ACsx

α
δ−=

jj
j

j
jj p

C
p
ACsx

α
δ−=

j

j
j

j
jj p

C
p
ACsx

α
δ−=



ACy = Cxp jjj α=sss n =++ ...1

j

j
j

j
jj p

C
p
ACsx

α
δ−=

nn xpxpC ++= ...11

jj
j

j
jj p

C
p
ACsx

α
δ−=

j

j
j

j
jj p

C
p
ACsx

α
δ−=

nnnn xpxpxpxpC  +++++= ...... 1111



ACy = Cxp jjj α=sss n =++ ...1

jj
j

j
jj p

C
p
ACsx

α
δ−=

jj
j

j
jj p

C
p
ACsx

α
δ−=

j

j
j

j
jj p

C
p
ACsx

α
δ−=

nnnn xpxpxpxpC  +++++= ...... 1111



ACy = Cxp jjj α=sss n =++ ...1

j

j
j

j
jj p

C
p
ACsx

α
δ−=

jj
j

j
jj p

C
p
ACsx

α
δ−=

j

j
j

j
jj p

C
p
ACsx

α
δ−=

nnnn xpxpxpxpC  +++++= ...... 1111



ACy = Cxp jjj α=sss n =++ ...1

j

j
j

j
jj p

C
p
ACsx

α
δ−=

+++= C
p
pC

p
pC

n

n
n
 αα ...

1

1
1

−++ ACsACs n...1

jj
j

j
jj p

C
p
ACsx

α
δ−=

j

j
j

j
jj p

C
p
ACsx

α
δ−=

CC nnδαδα −− ...11

nnnn xpxpxpxpC  +++++= ...... 1111



ACy = Cxp jjj α=sss n =++ ...1

j

j
j

j
jj p

C
p
ACsx

α
δ−=

+++= C
p
pC

p
pC

n

n
n
 αα ...

1

1
1

−++ ACsACs n...1

jj
j

j
jj p

C
p
ACsx

α
δ−=

j

j
j

j
jj p

C
p
ACsx

α
δ−=

CC nnδαδα −− ...11

nnnn xpxpxpxpC  +++++= ...... 1111

)( δ−+= rsACC n

n
n p

p
p
pr


αα ++= ...

1

1
1

nnδαδαδ ++= ...11



ACy = Cxp jjj α=sss n =++ ...1

j

j
j

j
jj p

C
p
ACsx

α
δ−=

jj
j

j
jj p

C
p
ACsx

α
δ−=

n

n
n p

p
p
pr


αα ++= ...

1

1
1

nnδαδαδ ++= ...11

)( δ−+= rsACC

j

j
j

j
jj p

C
p
ACsx

α
δ−=



ACy = Cxp jjj α=sss n =++ ...1

j

j
j

j
jj p

C
p
ACsx

α
δ−=

jj
j

j
jj p

C
p
ACsx

α
δ−=

n

n
n p

p
p
pr


αα ++= ...

1

1
1

nnδαδαδ ++= ...11

)( δ−+= rsACC

j

j
j

j
jj p

C
p
ACsx

α
δ−=



ACy = Cxp jjj α=sss n =++ ...1

j

j
j

j
jj p

C
p
ACsx

α
δ−=

jj
j

j
jj p

C
p
ACsx

α
δ−=

n

n
n p

p
p
pr


αα ++= ...

1

1
1

nnδαδαδ ++= ...11

)( δ−+= rsACC

j

j
j

j
jj p

C
p
ACsx

α
δ−=

CCxpxp jjjjjj
 αα +=+



ACy = Cxp jjj α=sss n =++ ...1

j

j
j

j
jj p

C
p
ACsx

α
δ−=

jj
j

j
jj p

C
p
ACsx

α
δ−=

n

n
n p

p
p
pr


αα ++= ...

1

1
1

nnδαδαδ ++= ...11

)( δ−+= rsACC

j

j
j

j
jj p

C
p
ACsx

α
δ−=

CCxpxp jjjjjj
 αα +=+



ACy = Cxp jjj α=sss n =++ ...1

j

j
j

j
jj p

C
p
ACsx

α
δ−=

jj
j

j
jj p

C
p
ACsx

α
δ−=

n

n
n p

p
p
pr


αα ++= ...

1

1
1

nnδαδαδ ++= ...11

)( δ−+= rsACC

j

j
j

j
jj p

C
p
ACsx

α
δ−=

CCxpxp jjjjjj
 αα +=+



ACy = Cxp jjj α=sss n =++ ...1

j

j
j

j
jj p

C
p
ACsx

α
δ−=

jj
j

j
jj p

C
p
ACsx

α
δ−=

n

n
n p

p
p
pr


αα ++= ...

1

1
1

nnδαδαδ ++= ...11

)( δ−+= rsACC

j

j
j

j
jj p

C
p
ACsx

α
δ−=

CCxpxp jjjjjj
 αα +=+



ACy = Cxp jjj α=sss n =++ ...1

j

j
j

j
jj p

C
p
ACsx

α
δ−=

jj
j

j
jj p

C
p
ACsx

α
δ−=

n

n
n p

p
p
pr


αα ++= ...

1

1
1

nnδαδαδ ++= ...11

)( δ−+= rsACC

j

j
j

j
jj p

C
p
ACsx

α
δ−=

CCxpxp jjjjjj
 αα +=+

Ap
p

r
A

ss j
j

jj
jj

α
δδ

α
α


+








−−








−+= )(



ACy = Cxp jjj α=sss n =++ ...1

j

j
j

j
jj p

C
p
ACsx

α
δ−=

jj
j

j
jj p

C
p
ACsx

α
δ−=

n

n
n p

p
p
pr


αα ++= ...

1

1
1

nnδαδαδ ++= ...11

)( δ−+= rsACC

j

j
j

j
jj p

C
p
ACsx

α
δ−=

CCxpxp jjjjjj
 αα +=+

Ap
p

r
A

ss j
j

jj
jj

α
δδ

α
α


+








−−








−+= )(



ACy = Cxp jjj α=sss n =++ ...1

j

j
j

j
jj p

C
p
ACsx

α
δ−=

jj
j

j
jj p

C
p
ACsx

α
δ−=

n

n
n p

p
p
pr


αα ++= ...

1

1
1

nnδαδαδ ++= ...11

)( δ−+= rsACC

j

j
j

j
jj p

C
p
ACsx

α
δ−=

n

n

n

pp
aA

αα
αα

















= ...

1

1

1

Ap
p

r
A

ss j
j

j

jj
jj

α
δδ

α
α


+












−−










−+= )(



Optimal control 



)( δ−+= rsACC ACy =



)( δ−+= rsACC ACy =0)0( CC =



)( δ−+= rsACC ACy =0)0( CC =

ysc )1( −= consumption flow 



)( δ−+= rsACC ACy =0)0( CC =

ysc )1( −= consumption flow 

∫
∞ −=

0
log cdteJ tρ utility 



)( δ−+= rsACC ACy =0)0( CC =

ysc )1( −= consumption flow 

ACsysc loglog)1log(log)1log(log ++−=+−=

utility ∫
∞ −=

0
log cdteJ tρ



)( δ−+= rsACC ACy =0)0( CC =

ysc )1( −= consumption flow 

ACsysc loglog)1log(log)1log(log ++−=+−=

utility ∫
∞ −=

0
log cdteJ tρ



)( δ−+= rsACC ACy =0)0( CC =

ysc )1( −= consumption flow 

ACsysc loglog)1log(log)1log(log ++−=+−=

utility 

KdtCseJ t ++−= ∫
∞ −

0
]log)1[log(ρ

∫
∞ −=

0
log AdteK tρ

∫
∞ −=

0
log cdteJ tρ



)( δ−+= rsACC ACy =0)0( CC =

ysc )1( −= consumption flow 

ACsysc loglog)1log(log)1log(log ++−=+−=

utility 

KdtCseJ t ++−= ∫
∞ −

0
]log)1[log(ρ

∫
∞ −=

0
log AdteK tρ

∫
∞ −=

0
log cdteJ tρ



)( δ−+= rsACC 0)0( CC =

max]log)1[log(
0

→++−= ∫
∞ − KdtCseJ tρ

1≤≤ sε



)( δ−+= rsACC 0)0( CC =

max]log)1[log(
0

→++−= ∫
∞ − KdtCseJ tρ

1≤≤ sε

optimal investment 






<−

≥−−=
ρεε

ρερ

)1(,

)1(,1

A

A
As



)( δ−+= rsACC 0)0( CC =

max]log)1[log(
0

→++−= ∫
∞ − KdtCseJ tρ

1≤≤ sε

optimal investment 

Ap
p

r
A

ss j
j

j

jj
jj

α
δδ

α
α


+












−−










−+= )(







<−

≥−−=
ρεε

ρερ

)1(,

)1(,1

A

A
As



Thank you 


	Slide Number 1
	Slide Number 2
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Slide Number 24
	Slide Number 25
	Slide Number 26
	Slide Number 27
	Slide Number 28
	Slide Number 29
	Slide Number 30
	Slide Number 31
	Slide Number 32
	Slide Number 33
	Slide Number 34
	Slide Number 35
	Slide Number 36
	Slide Number 37
	Slide Number 38
	Slide Number 39
	Slide Number 40
	Slide Number 41
	Slide Number 42
	Slide Number 43
	Slide Number 44
	Slide Number 45
	Slide Number 46
	Slide Number 47
	Slide Number 48
	Slide Number 49
	Slide Number 50
	Slide Number 51
	Slide Number 52
	Slide Number 53
	Slide Number 54
	Slide Number 55
	Slide Number 56
	Slide Number 57
	Slide Number 58
	Slide Number 59
	Slide Number 60
	Slide Number 61
	Slide Number 62

